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ON THE SECOND-ORDER TANGENT BUNDLE WITH
DEFORMED 2-ND LIFT METRIC
ABDULLAH MAG˘DEN, KUBRA KARACA, AND AYDIN GEZER
Abstract. Let (M, g) be a pseudo-Riemannian manifold and T 2M be its the
second-order tangent bundle equipped with the deformed 2−nd lift metric g
which obtained from the 2−nd lift metric by deforming the horizontal part with
a symmetric (0, 2)−tensor field c. In the present paper, we first compute the
Levi-Civita connection and its Riemannian curvature tensor field of (T 2M, g).
We give necessary and sufficient conditions for (T 2M,g) to be semi-symmetric.
Secondly, we show that (T 2M,g) is a plural-holomorphic B−manifold with the
natural integrable nilpotent structure. Finally, we get the conditions under
which (T 2M,g) with the 2−nd lift of an almost complex structure is an anti-
Ka¨hler manifold.
AMS Mathematics Subject Classification (2010): 53C07, 53C15, 53C35.
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1. Introduction
Given an n−dimensional manifold M , a second-order tangent bundle T 2M over M
can be constructed from the equivalent classes of curves on M which agree up to
their acceleration (for details, see [5] and [15]). Moreover, in [5], it is proved that
a second-order tangent bundle T 2M becomes a vector bundle over M if and only
if M has a linear connection. The prolongations of tensor fields and connections
given onM to its second-order tangent bundle T 2M was studied in [15]. Let (M, g)
be an n−dimensional pseudo-Riemannian manifold and T 2M be its second-order
tangent bundle. The 2−nd lift metric on T 2M was defined and studied by Yano
and Ishihara in [15].
We point out here and once that all geometric objects considered in this paper
are supposed to be of class C∞. In this section, we recall some fundamental facts
on the second-order tangent bundle that are needed later.
The second-order tangent bundle T 2M of a differentiable manifold M is the
3n−dimensional manifold as the set of all 2−jets of M determined by mappings
of the real line R into M . The canonical projection pi2 : T
2M −→ M defines the
natural bundle structure of T 2M over M . If we introduce the canonical projection
pi12 : T
2M −→ TM , then T 2M has a bundle structure over the tangent bundle
TM with projection pi12. In the paper, we use Einstein’s convention on repeated
indices.
Let (U, xi) be a system of coordinates in M and F be a curve in U which locally
expressed as xi = F i(t). If we take a 2−jet j2F belonging to pi−12 (U) and define
xi = F i(0), yi =
dF i
dt
(0), zi =
1
2
d2F i
dt2
(0),
1
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then the 2−jet j2F is expressed uniquely by the set (xi, yi, zi). Thus, (xi, yi, zi)
is the system of coordinates induced in pi−12 (U) from (U, x
i). The coordinates
(xi, yi, zi) in pi−12 (U) are called the induced coordinates and sometimes denote them
by {ξA}, that is, by putting
ξi = xi, ξi = yi, ξi = zi.
The indices A,B,C, ... run over the range {1, 2, ..., n;n+1, n+2, ..., 2n; 2n+1, 2n+
2, ..., 3n}.
For a function f locally expressed by f = f(x) onM , there corresponds on T 2M
the 0−th, the 1−st and the 2−nd lifts of the function f respectively defined by
(1.1) 0f = f(x); If = yi∂if(x);
IIf = zi∂if(x) +
1
2
yjyi∂j∂if(x)
with respect to the induced coordinates {ξA}, where ∂i =
∂
∂xi
.
Given a vector field X = X i∂i on M , we define the the 0−th, the 1−st and the
2−nd lifts of X to T 2M as follows: [15]
(1.2) 0X = Xj∂
j
,
(1.3) IX = Xj∂j + y
s∂sX
j∂
j
and
(1.4) IIX = Xj∂j + y
s∂sX
j∂j + {z
s∂sX
j +
1
2
ytys∂t∂sX
j}∂
j
with respect to the induced coordinates {ξA}, where ∂i =
∂
∂xi
, ∂i =
∂
∂yi
, ∂
i
= ∂
∂zi
.
By (1.2)-(1.4) and (1.1) we have directly
0X0f = 0,0XIf = 0,0XIIf =0 (Xf),
IX0f = 0,IXIf =0 (Xf),IXIIf =I (Xf),
IIX0f = 0(Xf),IIXIf =I (Xf),IIXIIf =II (Xf)
for any vector field X and function f on M .
For the Lie bracket on T 2M in terms of the lifts of vector fields X, Y on M , we
have the following formulas: [15]
(1.5)


[
0X, 0Y
]
= 0,[
0X, IY
]
= 0,
[
IIX, 0Y
]
=
0
[X,Y ] ,
[
IIX, IIY
]
=
II
[X,Y ][
IX, IY
]
=
0
[X,Y ] ,
[
IIX, IY
]
=
I
[X,Y ] .
Remark 1. The 2−nd lift defined by (1.4) determines an isomorphism of the Lie
algebra of vector fields on M into the Lie algebra of vector fields on T 2M .
2. The deformed 2−nd lift metric on the second-order tangent
bundle
The 0−th, the 1−st and the 2−nd lifts of a pseudo-Riemannian metric on a
manifold M to the second-order tangent bunde T 2M is respectively given by
0g =

 gij 0 00 0 0
0 0 0


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(2.1) Ig =

 ys∂sgij gij 0gij 0 0
0 0 0


≥
(2.2) IIg =

 zs∂sgij + 12ytys∂t∂sgij ys∂sgij gijys∂sgij gij 0
gij 0 0


with respect to the induced coordinates {ξA}, where gij denote local componnents
of g on M [15]. By using the 0−th lift of a symmetric (0, 2)-tensor field c on (M, g)
to T 2M , the deformed 2−nd lift metric on T 2M is defined by g =II g+0 c, that is,
g =II g +0 c =

 zs∂sgij + 12ytys∂t∂sgij + cij ys∂sgij gijys∂sgij gij 0
gij 0 0


with respect to the induced coordinates {ξA}, where cij are local components of
c on M . Also note that the deformed 2−nd lift metric is a pseudo-Riemannian
metric.
Using (1.2)-(1.4) and (2.2), we get:
Proposition 1. Let (M, g) be a pseudo-Riemannian manifold and T 2M be its
second-order tangent bundle equipped with the deformed 2−nd lift metric g. For
any vector field X,Y on M ,
i) g(0X,0 Y ) = 0, ii) g(0X,I Y ) = 0, iii) g(0X,II Y ) =0 (g(X,Y ))
iv) g(IX,I Y ) =0 (g(X,Y )), v) g(IX,II Y ) =I (g(X,Y )),
vi) g(IIX,II Y ) =II (g(X,Y )) +0 (c(X,Y )).
Let us denote by LX the operator of Lie derivation with respect to any vector
field X on T 2M . Consider LXg for arbitrary vector fields Y , Z on T
2M , we have
(L0Xg)(
IIY,II Z) = L0X(g(
IIY,II Z))− g(L0X
IIY,II Z)− g(IIY, L0X
IIZ)
= L0X(
II(g(X,Y )) +0 (c(X,Y ))) − g(0(LX Y ),
II Z)
−g(IIY,0 (LXZ))
= 0(LX(g(Y, Z)))−
0 (g(LX Y, Z))−
0 (g(Y, LXZ))
= 0(LXg)(
IIY,II Z)
(LIXg)(
IIY,II Z) = LIX(g(
IIY,II Z))− g(LIX
IIY,II Z)− g(IIY, LIX
IIZ)
= LIX(
II(g(Y, Z)) +0 (c(Y, Z)))− g(I(LXY ),
II Z)
−g(IIY,I (LXZ))
= I(LX(g(X,Y )))−
I (g(LXY, Z))−
I (g(Y, LXZ))
= I(LXg)(
IIY,II Z)
(LIIXg)(
IIY,II Z) = LIIX(g(
IIY,II Z))− g(LIIX
IIY,II Z)− g(IIY, LIIX
IIZ)
= LIIX(
II(g(Y, Z)) +0 (c(Y, Z)))− g(II(LXY ),
II Z)
−g(IIY,II (LXZ))
= II(LX(g(Y, Z)))−
II (g(LXY, Z))−
II (g(Y, LXZ))
= II(LXg)(
IIY,II Z) +0 (LXc)(
IIY,II Z)
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As is known, any vector field X on a (pseudo-)Riemannian manifold (M, g) is a
Killing vector field if and only if LXg = 0. Hence, from the relations above we
obtain the following result.
Proposition 2. Let (M, g) be a pseudo-Riemannian manifold and T 2M be its
second-order tangent bundle equipped with the deformed 2−nd lift metric g.
i) The 0−th and 1−st lifts of a vector field X on M are both Killing vector fields
on (T 2M, g) if and only if X is a Killing vector field on (M, g).
ii) The 2−nd lift of a vector field X on M is a Killing vector field on (T 2M, g)
if and only if X is a Killing vector field on (M, g) and LXc = 0.
3. The Levi-Civita Connection and its curvature tensor field
Let M be a pseudo-Riemannian manifold with a pseudo-Riemannian metric and
∇ be the Levi-Civita connection determined by g. Now consider a global linear
connection ∇ on T 2M denoted by
(3.1) ∇XY =
II∇XY +
0H(X,Y )
for all vector fields X,Y on T 2M , where H is a (1, 2)−tensor field on M . The
2−nd lift of the Levi-Civita connection ∇ to T 2M satisfies
II∇0X
0Y = 0,II ∇0X
IY = 0,II ∇0X
IIY = 0(∇XY ),
II∇IX
0Y = 0,II ∇IX
IY = 0(∇XY ),
II ∇IX
IIY = I(∇XY ),
II∇IIX
0Y = 0(∇XY ),
II ∇IIX
IY = I(∇XY ),
II ∇IIX
IIY = II(∇XY )
for all vectors X,Y on M [15]. In view of the relations above and (3.1), we now
have
∇0X
0Y = 0,∇0X
IY = 0,∇0X
IIY = 0(∇XY ),(3.2)
∇IX
0Y = 0,∇IX
IY = 0(∇XY ),∇IX
IIY = I(∇XY ),
∇IIX
0Y = 0(∇XY ),∇IIX
IY = I(∇XY ),
∇IIX
IIY = II(∇XY ) +
0(H(X,Y )).
Here, we also use the following relations: [15]
0H(0X,0 Y ) = 0H(0X,I Y ) =0 H(0X,II Y ) = 0,
0H(IX,0 Y ) = 0H(IX,I Y ) =0 H(IX,II Y ) = 0,
0H(IIX,0 Y ) = 0H(IIX,I Y ) = 0,0H(IIX,II Y ) =0 (H(X,Y )).
We shall calculate the torsion tensor of the linear connection ∇. The torsion
tensor T of ∇ is, by definition, given by
T
(
IIX, IIY
)
= ∇IIX
IIY −∇IIY
IIX − [IIX, IIY ](3.3)
= II(∇XY ) +
0(H(X,Y ))−II(∇YX)
−0(H (Y,X))− II [X,Y ]
= 0[H (X,Y )−H (Y,X)].
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Next, taking covariant derivation of the deformed 2−nd lift metric g with respect
to the linear connection ∇, we get
(
∇IIXg
) (
IIY, IIZ
)
(3.4)
= IIX
(
g
(
IIY, IIZ
))
− g
(
∇IIX
IIY, IIZ
)
− g
(
IIY,∇IIX
IIZ
)
= IIX
[
II(g (Y, Z)) + 0(c (Y, Z))
]
− g
(
II(∇XY ) +
0(H (X,Y )), IIZ
)
−g
(
IIY, II(∇XZ) +
0(H (X,Z))
)
= II(X (g (Y, Z))) + 0(X (c (Y, Z)))− II(g (∇XY, Z))−
0(c (∇XY, Z))
−0(g (H (X,Y ) , Z))− II(g (Y,∇XZ))−
0(c (Y,∇XZ))−
0(g (Y,H (X,Z)))
= 0(−g (H (X,Y ) , Z)− g (Y,H (X,Z)) + (∇Xc (Y, Z))) .
If∇g = 0 and∇ is torsion-free, then∇ is the Levi-Civita connection of the deformed
2−nd lift metric g. From (3.3) and (3.4), we find
(3.5) g (H (X,Y ) , Z) =
1
2
[(∇Xc) (Y, Z) + (∇Y c) (X,Z) + (∇Zc) (X,Y )] .
Hence, we get
Proposition 3. Let (M, g) be a pseudo-Riemannian manifold and T 2M be its
second-order tangent bundle equipped with the deformed 2−nd lift metric g. Under
the condition (3.5), the linear connection ∇ is the Levi-Civita connection of g.
Let X be a vector field on M with a linear connection ∇. It is well-known that
X is an affine Killing vector field if and only if LX∇ = 0. Taking the Lie derivation
of the Levi-Civita connection ∇ with respect to the vector fields 0X , IX and IIX ,
we have
(
L0X∇
) (
IIY, IIZ
)
= L0X
(
∇IIY
IIZ
)
−∇IIY
(
L0X
IIZ
)
−∇[0X,IIY ]
IIZ
= L0X
(
II(∇Y Z)+
0(H (Y, Z))
)
−∇IIY
0[X,Z]−∇0[X,Y ]
IIZ
= L0X
II(∇Y Z) + L0X
0(H (Y, Z))− 0(∇Y [X,Z])−
0
(
∇[X,Y ]Z
)
= 0(LX (∇Y Z))−
0(∇Y [X,Z])−
0
(
∇[X,Y ]Z
)
= 0((LX∇) (Y, Z))
(
LIX∇
) (
IIY, IIZ
)
= LIX
(
∇IIY
IIZ
)
−∇IIY
(
LIX
IIZ
)
−∇[IX,IIY ]
IIZ
= LIX
(
II(∇Y Z)+
0(H (Y, Z))
)
−∇IIY
I [X,Z]−∇I [X,Y ]
IIZ
= LIX
II(∇Y Z) + LIX
0(H (Y, Z))− I(∇Y [X,Z])−
I
(
∇[X,Y ]Z
)
= I(LX (∇Y Z))−
I(∇Y [X,Z])−
I
(
∇[X,Y ]Z
)
= I((LX∇) (Y, Z))
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(
LIIX∇
) (
IIY, IIZ
)
= LIIX
(
∇IIY
IIZ
)
−∇IIY
(
LIIX
IIZ
)
−∇[IIX,IIY ]
IIZ
= LIIX
(
II(∇Y Z)+
0(H (Y, Z))
)
−∇IIY
II(LXZ)−∇II [X,Y ]
IIZ
= LIIX
II(∇Y Z) + LIIX
0(H (Y, Z))− II(∇Y (LXZ))
−0(H (Y, LXZ))−
II
(
∇[X,Y ]Z
)
− 0(H ([X,Y ] , Z))
= II(LX (∇Y Z))−
II(∇Y (LXZ))−
II
(
∇[X,Y ]Z
)
+ LX
0(H (Y, Z))
−0(H (Y, LXZ))−
0(H (LXY, Z))
= II((LX∇) (Y, Z)) +
0{LX (H (Y, Z))−H (Y, LXZ)−H (LXY, Z)}
= II((LX∇) (Y, Z)) +
0((LXH) (Y, Z)) .
Thus, the above relations give the following.
Proposition 4. Let (M, g) be a pseudo-Riemannian manifold and T 2M be its
second-order tangent bundle equipped with the deformed 2−nd lift metric g.
i) The 0−th and 1−st lifts of a vector field X on M are both affine Killing vector
fields on (T 2M, g) if and only if X is an affine Killing vector field on (M, g).
ii) The 2−nd lift of a vector field X on M is an affine Killing vector field on
(T 2M, g) if and only if X is an affine Killing vector field on (M, g) and LXH = 0.
For the Riemannian curvature tensor field R of the Levi-Civita connection ∇,
we obtain
R
(
IIX, IIY
)
IIZ
= ∇ IIX∇IIY
IIZ −∇IIY∇IIX
IIZ−∇[IIX,IIY ]
IIZ
= ∇IIX
[
II(∇Y Z) +
0(H (Y, Z))
]
−∇IIY
[
II(∇XZ) +
0(H (X,Z))
]
−∇II [X,Y ]
IIZ
= ∇IIX
II(∇Y Z) +∇IIX
0(H (Y, Z))−∇IIY
II(∇XZ)
−∇IIY
0(H (X,Z))− II
(
∇[X,Y ]Z
)
− 0(H ([X,Y ] , Z))
= II(∇X∇Y Z) +
0(H (X,∇Y Z)) +
0(∇XH (Y, Z))−
II(∇Y∇XZ)
−0(H (Y,∇XZ))−
0(∇YH(X,Z))−
II
(
∇[X,Y ]Z
)
− 0(H ([X,Y ] , Z))
= II(R (X,Y )Z) + 0
{
H (X,∇Y Z) +∇XH (Y, Z)
−H (Y,∇XZ)−∇YH (X,Z)−H ([X,Y ] , Z)
}
from which, using ∇XY −∇YX = [X,Y ] we get
R
(
IIX, IIY
)
IIZ = II(R (X,Y )Z) + 0{(∇XH) (Y, Z)− (∇YH) (X,Z)} .
Thus we state following result.
Proposition 5. Let (M, g) be a pseudo-Riemannian manifold and T 2M be its
second-order tangent bundle equipped with the deformed 2−nd lift metric g. (T 2M, g)
is flat if and if the base manifold M is flat and the condition (∇XH) (Y, Z) =
(∇YH) (X,Z) is fulfilled.
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The (0, 4)−Riemannian curvature tensor of the Levi-Civita connection ∇ is as
follows:
R˜
(
IIX, IIY, IIZ,IIW
)
(3.6)
= g
(
R
(
IIX, IIY
)
IIZ,IIW
)
= g
(
II(R (X,Y )Z), IIW
)
+ g
(
0[(∇XH) (Y, Z)− (∇YH) (X,Z)],
IIW
)
= II(g (R (X,Y )Z,W )) + 0(c (R (X,Y )Z,W ))
+0(g ((∇XH) (Y, Z)− (∇YH) (X,Z) ,W ))
= II(R (X,Y, Z,W )) + 0(c (R (X,Y )Z,W ))
+0[(∇XH) (Y, Z,W )− (∇YH) (X,Z,W )] .
Given a manifold M (dim(M) ≥ 3) endowed with a linear connection ∇ whose
curvature tensor is signed as R, for any tensor field of S of type (0, k), k ≥ 1, the
tensor field R(X,Y ).S is expressed in the form:
(R(X,Y ).S)(X1, X2, ..., Xk) = −S(R(X,Y )X1, X2, ..., Xk)
−...− S(X1, X2, ..., Xk−1, R(X,Y )Xk)
for any vector fields X1, X2, ..., Xk, X, Y on M , where R(X,Y ) acts as a derivation
on S. If R(X,Y ).S = 0, then the manifold M is said to be S semi-symmetric with
respect to the linear connection ∇. A (pseudo-) Riemannian manifold (M, g) such
that its curvature tensor R satisfies the condition
R(X,Y ).R = 0
is called a semi-symmetric manifold. Also, note that locally symmetric manifold
(∇R = 0) are semi-symmetric, but in general the converse is not true. The semi-
symmetric manifold was first studied by Cartan. Nevertheless, Sinjukov first used
the name ”semi-symmetric” for manifolds satisfying the above curvature condition
[7]. Later, Szabo gave the full local and global classification of semi-symmetric
manifolds [8, 9]. Now we are interested in the semi-symmetry property of T 2M
with the deformed 2−nd lift metric g. For the sake of simplicity we shall choose
c = g in the deformed 2−nd lift metric g. In this case, the relation (3.6) reduces to
R˜
(
IIX, IIY, IIZ,IIW
)
= II(R (X,Y, Z,W )) + 0(R (X,Y, Z,W )) .
Theorem 1. Let (M, g) be a pseudo-Riemannian manifold and T 2M be its second-
order tangent bundle equipped with the deformed 2−nd lift metric g =II g +0 g.
(T 2M, g) is semi-symmetric if and only if (M, g) is semi-symmetric.
Proof. We consider the condition R(X,Y ).R˜ = 0 for all vector field X , Y on
(T 2M, g). We calculate(
R(IIX, IIY ).R˜
) (
IIX1,
IIX2,
IIX3,
IIX4
)
= −R˜
(
R
(
IIX, IIY
)
IIX1,
IIX2,
IIX3,
IIX4
)
− R˜
(
IIX1, R
(
IIX, IIY
)
IIX2,
IIX3,
IIX4
)
−R˜
(
IIX1,
IIX2, R
(
IIX, IIY
)
IIX3,
IIX4
)
− R˜
(
IIX1,
IIX2,
IIX3,R
(
IIX, IIY
)
IIX4
)
= −R˜
(
II
(
R (X,Y )X1
)
, IIX2,
IIX3,
IIX4
)
− R˜
(
IIX1,
II
(
R (X,Y )X2
)
, IIX3,
IIX4
)
−R˜
(
IIX1,
IIX2,
II
(
R (X,Y )X3
)
, IIX4
)
− R˜
(
IIX1,
IIX2,
IIX3,,
II
(
R (X,Y )X4
))
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= −II [R (R (X,Y )X1, X2, X3, X4)]−
0[R (R (X,Y )X1, X2, X3, X4)]
−II [R (X1, R (X,Y )X2, X3, X4)]−
0[R (X1, R (X,Y )X2, X3, X4)]
−II [R (X1, X2, R (X,Y )X3, X4)]−
0[R (X1, X2, R (X,Y )X3, X4)]
−II [R (X1, X2, X3, R (X,Y )X4)]−
0[R (X1, X2, X3, R (X,Y )X4)]
= II{(R(X,Y ).R) (X1, X2, X3, X4)}+
0{(R(X,Y ).R) (X1, X2, X3, X4)}
which completes proof. 
4. Plural-holomorphic B−manifolds
A nilpotent structure on M is a (1, 1)−tensor field γ such that γ3 = 0 (γ 6= 0).
A pure metric (for pure tensors, see [6]) with respect to the nilpotent structure is
a pseudo-Riemannian metric g such that
g(γX, Y ) = g(X, γY )
for any vector fields X,Y on M . Metrics of this type have also been studied un-
der the name B-metrics [11, 12, 13, 14], since the metric tensor g with respect to
the structure γ is B-tensor according to the terminology accepted in [2]. If (M,γ)
is a manifold with a B-metric and a nilpotent structure, we say that (M,γ, g) is
an almost B-manifold. If γ is integrable, we say that (M,γ, g) is a B-manifold.
A plural-holomorphic B−manifold [4] can be defined as a triple (M,γ, g) which
consists of a smooth manifold M endowed with a nilpotent structure γ and a
B-metric g such that Φγg = 0, where Φγ is the Tachibana operator [10, 16]:
(Φγg)(X,Y, Z) = (γX)(g(Y, Z))−X(g(γY, Z)) + g((LY γ)X,Z) + g(Y, (LZ γ)X).
Recall that there exists a (1, 1)−tensor field γ̂ on T 2M which has components
of the form
γ̂ =

 0 0 0I 0 0
0 I 0


with respect to the induced coordinates {ξA}, where I being unit matrix. The
tensor field satisfies γ̂3 = 0, that is,0 T 2M has a natural integrable nilpotent
structure. The natural integrable nilpotent structure has the properties
γ̂ 0X = 0, γ̂ IX =0 X, γ̂ IIX = IX
which characterize γ̂. We compute, for any vector fields X,Y on M
g(γ̂ IIX,II Y ) = g(IX,II Y ) =I (g(X,Y ))
g(IIX, γ̂IIY ) = g(IIX,I Y ) =I (g(X,Y ))
that is, the the deformed 2−nd lift metric g is a B−metric with respect to γ̂. Hence
(T 2M, γ̂, g) is a B−manifold. Applying the Tachibana operator Φγ̂ to g, we get
(Φγ̂g)(
IIX,II Y,II Z) = (γ̂IIX)(g(IIY,II Z))−II X(g(γ̂IIY,II Z))
+g((LIIY γ̂)
IIX,II Z) + g(IIY, (LIIZ γ̂)
IIX)
= IXII(g(Y, Z))−II XI(g(Y, Z))
= I(X(g(Y, Z)))−I (X(g(Y, Z)))
= 0
Hence we state the following theorem.
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Theorem 2. Let (M, g) be a pseudo-Riemannian manifold and T 2M be its second-
order tangent bundle equipped with the deformed 2−nd lift metric g and the natu-
ral integrable nilpotent structure γ̂. The triple (T 2M, γ̂, g) is a plural-holomorphic
B−manifold.
5. Anti-Ka¨hler structures on T 2M
An almost complex anti-Hermitian manifold (M,J, g) is a real 2k−dimensional
differentiable manifold M with an almost complex structure J and a pseudo-
Riemannian metric g such that:
g(JX, Y ) = g(X, JY )
for all vector fields X,Y on M . An anti-Ka¨hler manifold can be defined as a triple
(M,J, g) which consists of a smooth manifold M endowed with an almost complex
structure J and an anti-Hermitian metric g such that ∇J = 0, where ∇ is the Levi-
Civita connection of g. It is well known that the condition ∇J = 0 is equivalent
to C-holomorphicity (analyticity) of the anti-Hermitian metric g, i.e. ΦJg = 0 [3].
Since in dimension 2 an anti-Ka¨hler manifold is flat, we assume in the sequel that
dim M ≥ 4.
The 2−nd lift of a (1, 1)-tensor field J to T 2M has the followngs
(5.1) IIJ(IIX) =II (JX), IIJ(IX) =I (JX), IIJ(0X) =0 (JX)
for anyX onM . Moreover, it is well known that ıf J is an almost complex structure
on (M, g), then IIJ is an almost complex structure on T 2M [15]. Now we prove
the following theorem.
Theorem 3. Let (M,J, g) be an anti-Ka¨hler manifold. Then T 2M is an anti-
Ka¨hler manifold equipped with the deformed 2−nd lift metric g and the almost
complex structure IIJ if and only if the symmetric (0, 2)−tensor field c on M is a
holomorphic tensor field with respect to the almost complex structure J .
Proof. Let (M,J, g) be a anti-Ka¨hler manifold. Then we have
g
(
IIJ(IIX),II Y
)
− g
(
IIX,II J(IIY )
)
= g
(
II(JX),II Y
)
− g
(
IIX,II (JY )
)
= c(JX, Y )− c(X, JY ).
From the last equations, the deformed 2−nd lift metric g is anti-Hermitian with
respect to IIJ if and only if the symmetric (0, 2)−tensor field c is pure with respect
to J .
10 ABDULLAH MAG˘DEN, KUBRA KARACA, AND AYDIN GEZER
Now, we are interested in the holomorphy property of the deformed 2−nd lift
metric g with respect to II J . We calculate
(ΦIIJg)(
IIX,II Y,II Z)
= (IIJIIX)(g(IIY,II Z))−II X(g(IIJIIY,II Z))
+ g((LIIY
IIJ)IIX,II Z) + g(IIY, (LIIZ
IIJ)IIX)
= II(JX){II(g(X,Y )) +0 (c(X,Y ))} −II X{II(g(JY, Z)) +0 (c(JY, Z))}
+II{g((LY J)X,Z)}+
0 {c((LY J)X,Z)}+
II {g(Y, (LZ J)X)}+
0 {c(Y, (LZ J)X)}
= II{(JX)(g(X,Y ))−X(g(JY, Z)) + g((LY J)X,Z) + g(Y, (LZ J)X)}
+0{JX)(c(X,Y ))−X(c(JY, Z)) + c((LY J)X,Z) + c(Y, (LZ J)X)}
= II{(ΦJg)(X,Y, Z)}+
II {(ΦJc)(X,Y, Z)}.
Hence, from the relation above, since (ΦJg) = 0, it follows that ΦIIJg = 0 if and
only if ΦJc = 0, that is, c is holomorphic. This completes the proof. 
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